Nonoscillatory solutions for the one-dimensional p-Laplacian  by Medina, Rigoberto
JOURNAL OF 
COMPUTATIONAL AND 
APPUED MATHEMATICS 
ELSEVIER Journal of Computational and Applied Mathematics 98 (1998) 27-33 
Nonoscillatory solutions for the one-dimensional p-Laplacian 
Rigoberto Medina 
Departamento deCiencias Exactas, Universidad de Los Lagos, Casilla 933, Osorno, Chile 
Received 10 March 1998 
Abstract 
In this paper we study the existence of nonoscillatory solutions of the equation 
Aq~(ZXXk_l) + f(k, xk) = 0, k = 1,2 ..... 
where • : R ~ R is defined by ~(s) = Islp-2s with p > 1, and {xk}~ is a nonnegative s quence with infinitely many 
positive terms. (~) 1998 Elsevier Science B.V. All rights reserved. 
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I. Introduction 
Consider the equation 
A~(,2xxk_l)+f(k,  xk)=O, k= 1,2, . . . ,  (1) 
where ~0 : R ~ R is defined by ~(s) = Isl p - l  • s ,  with p > 1 a fixed real number, and f : 
× R , R is a function such that f (n ,  u) > 0 for all n E ~ and u C ~. 
A solution of  (1) is a real sequence {xk}~ which satisfies (1). Since (1) is a recurrence relation, 
it is clear that, for any given real initial values x0 and x~, we can inductively obtain xz,x3,. . . .  A 
nontrivial solution {xk}~ of (1) is said to be oscillatory, i f  for every positive integer N, there exists 
k /> N such that xk .xk+l ~< 0, and nonoscillatory, otherwise. 
In the recent papers [4, 5], Li and Yeh considered Eq. (1) for f (k ,  xk)= aklxk] p-t .xk, i.e., 
(z2xx~) p-1 -- (zXxk_l) p-l + akx p-1 = 0, k = 1,2, . . . ,  (2) 
thus establishing some sufficient and/or necessary conditions under which (2) has a nonoscillatory 
solution. 
The purpose of this paper is to extend some of the above-mentioned results to the nonlinear 
difference Eq. (1). To prove our results we require slight modifications of  those in [4, 5]. For some 
related works, we refer to [1, 2, 6, 9]. 
0377-0427/98/$19.00 (~) 1998 Elsevier Science B.V. All rights reserved 
PII: S0377-0427(98)00096-X 
28 R. Medina~Journal of  Computational and Applied Mathematics 98 (1998) 27-33 
2. Preliminaries 
We begin our study of Eq. (1) by rewriting it as follows: 
p--l (Axk) p-l - (Axk_l) p-I + akx k = 0, k -- 1,2 . . . . .  
where 
(3) 
f (k ,  xk) 
ak- -  - -  O(xk) 
Assumption. (i) p -  1 is a quotient of two positive odd integers. 
(ii) {ak}~ is a nonnegative sequence with infinitely many positive terms. 
Lemma 2.1. I f  {xk}~ is a solution of  Eq. (3) such that xk > O for k ~ M, then Axk > O for k >~ M. 
Proof. By the Assumption and (3), we have Axk+~ ~< Axk for k ~> M. Suppose that Axk < 0, for 
some k ~> M, then 
x, - xk ~ (n - k)Axk ~ -c¢  as n ~ c¢, (4) 
a contradiction. 
If Axk = 0, then, by Assumption there is some m > k such that AXm < 0. Replacing k by m in 
(4), we will obtain a contradiction. 
Thus, Ax, > 0 for n ~> M. [] 
Lemma 2.2 ([3, Hardy's Theorem]). I f  p > 1, an >>- 0 and A, = ~"~=l ai, then 
- -  < a k , 
k=l k=l 
unless all the an are zero. The constant is the best possible. 
In [2], Cheng and Lu showed that Hardy's inequality for a series [3] can be viewed as a necessary 
condition for the existence of a positive nondecreasing solution of Eq. (3). 
Theorem 2.3. (Cheng and Lu [4]) Eq. (2) has a positive nondecreasing solution if and only i f  there 
is a real number -1  < a < 0 such that 
N N--l 
y~. akx p < (1 +a)  p-l .xP+l + ~ (Axk) p 
k=M+l k=M+l 
for any positive nondecreasin9 vector (XM+bXM+2,... ,XN ), where M is a nonnegative integer. 
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Corollary 2.4. (Cheng and Lu [4]) Suppose 
N N--1 
P akxk < xP+, + Y~ (~kXk) p, (5) 
k=M+l  k=M+l  
where (XM+~,XM+2,...,XN) is a positive nondecreasino vector. Then, Eq. (3) has a positive nonde- 
creasing solution for k >~ 1. 
3. Main results 
Now, we are in a position to establish our main results. 
Theorem 3.1. I f  for every real sequence {x,}~ we have 
- -  f (n 'Xn)  ~n-P(P - - l )  p for n>>. 1. 
an [Xn[P-2 " X n k , - - - -~ . /  
Then, Eq. (3) has a positive nondecreasin9 solution for n >>. 1. 
Proof. Let x0 = 0 and x~ = 1. I f  al <<. (p - 1)/p p < 1, then there exists a x2 ~> xl > 0 satisfying 
Eq. (3) for n = 1. 
From (3), we have 
Xn(~n)  p - I  
Summing (6) 
Xk(~ck)P -l
I f  (3) has a 
0~<n ~<k- l ,  then 
xk(Axk)P -l 
= (~kXn_ l )  p - J l -Xn_ l (~x- l )  p-1 -- a.xP.. (6 )  
form n = 1 to n = k, we obtain 
k k 
= ~-~(zhxk_, )P + Xo(Z~Xo) p-' -- ~ a.xP~. (7) 
n=l  n=l  
X k solution { .}.=o for 1 ~< n ~< k -  1 satisfying x0 = O, Xl = 1 and Axn ~> 0 for 
Za. 
n=l  n=l  \ i=0  
k k 
= y~(~xx._,)P- Za.nPTtP., 
n=l  n=l  
where 
n--1 
~n = n-1 Z 2~xi. 
i=0 
I f  
max{a.nP[1 ~ n <~ k} <~ 
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then, by Lemma 2.2, we obtain 
Xk(I~Xk)P-I ~ Z(~kXn-1)P.=I -- \~" ' -  ] Zn=l ~"p 
k 
>Z(z2XXn_I)P-- (P - - I ' ]P (  P ) p 
n=, C-T-- J  
=0.  
k 
Z(Z~n- - l )  p 
n=l 
Hence, there exists a xk+l >>. Xk > 0 satisfying (3) for n = k. 
Therefore, the theorem follows. [] 
Theorem 3.2. If for every real sequence {x,,}~ we have 
f(k, xk) l (p -  l~ p 
np-l y~ ixktp_-------5 :Xk <~ ----: q~(p), k=,,+~ p-  1 \ - - -~/  
forn~> 1. 
Then, Eq. (3) has a positive nondecreasing solution for k >/ 1. 
Proof. We will prove Theorem 3.2 only for illustrative objectives, because it is absolutely analogue 
to those of Theorem 3.1 (See [4] or [9]). 
Let y = (YM+1,YM+2,...,YN) be a positive nondecreasing vector and YM = 0, where M is a 
nonnegative integer. 
a Let rk = - )-]i=k /, for k >I M + 1. Then, by H61der's inequality and Lemma 2.2, we obtain 
N N 
akY p= ~ P Yk Ark 
k=M+l k=M+l 
N-I 
: rN+ly p -- ~ rk+lAy; 
k=M 
<~ pq~(p) ~ Y~ 
k=M 
N--I ) 
N--I 
<~ Y~+I + E (AYk)P' 
k=M+l 
Ayk 
\k=M k - -M+ 1 
1/p { / P \pN--I )l/q 
~--1-1 )k=~M (Ayk)p 
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where 1/p + 1/q = 1 and 
k 
~k = E AYi = Yk+l- 
i=M 
Hence, by Theorem 2.3, Eq. (3) has a positive nondecreasing solution for k i> 1. [] 
Theorem 3.3. Suppose Eq. (3) has a positive nondecreasin9 solution and M is a positive inteoer. 
Then, 
and 
f(k,  xk) <~ 1 
lim supnp-1 E ix lp-% 
n---*cx~ k=n+l 
f(k, xk) 
(n -M)P-1  ~-~ [xklP_2x k ~<1 
k=M+l 
for n > M and every real sequence {x.}~. 
Proof. We will use Theorem 2.3 to infer the necessary condition for Eq. (3) to have a positive 
nondecreasing solution, in a very simple case. If Eq. (3) has a positive nondecreasing solution, then 
(5) holds for any positive nondecreasing vector (YM+~,YM+2,...,YN). Let n be a positive integer 
such that M < n < N, and let (see [9]) 
k-T- ~ i fM+l  <.k<~n, 
yk = n 
i fk  >~n. 
Then 
YP+I  + 
N--1 n--I N--I 
(AYk) p= YP+I + E (AYk)P + ~--~ (Ayk)p 
k=M+l k=M+l k=n 
=( 1 
\n  -M]  " 
By Corollary 2.4, we have 
N N 
k=n+ 1 k=n+ 1 
<~ ~ akYP < \n -MJ  " 
k =M + 1 
Since N can be taken arbitrarily large, then (7) implies 
oo 
(n- M) p-I E ak <~ 1. 
k=n+ 1 
(7) 
32 
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a* = limsupn p-l ~ ak, 
n---~cxz k=n+l  
then we see that a* ~< 1. [] 
As in [4], by Lemma 2.1, the sufficient and necessary conditions in Sections 2 and 3 can be 
reduced to oscillation criteria for Eq. (1). 
Theorem 3.4. I f  Eq. (1) /s oscillatory, then 
f(k, xk) >~ __  
limsupnP-L E [Xk[P--2Xk 
n---*cx~ k=n+l  
for every real sequence {xn}~ • 
p 1 
Theorem 3.5. I f  Eq. (1) is nonoscillatory, then 
~-~ f(k,  xk) 
lim supn p-~ p-------F ~< 1, 
n- - - -~  k=n+l  Xk 
and 
f(k, xk) 1 
lim sup n p-1 ~ ~< 
n---+o~ k=n+l  IXklP-2Xk p-  1 
for every real sequence {Xn}~ '
Remark. Thus, we established the Sturm-type separation theorem for Eq. (1) are either oscillatory 
or nonoscillatory. 
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